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TO PROFESSOR B. HUPPERT ON HIS 6@rH BIRTHDAY 
Let n be a natural number and p a prime number. We are concerned 
with the following groups: 
S,, the symmetric group of degree n and order n! 
A,, the alternating group of degree n and order n!/2 
S,,, a double covering group of S, of order 2n! 
a,, the double covering group of A, of order n!. 
We consider the distribution of the irreducible (ordinary) characters of 
these groups into p-blocks, where we in the case of the covering groups 
assume that p # 2. In particular we will be concerned with the computation 
of k(B) (the number of irreducible characters in B) and its decomposition 
k(B) = k,(B) + k,(B) + . . . according to the heights of the characters in B, 
where B is a p-block of A,, S,, , or a,. (In the case of A, we compute only 
k(B) and k,(B) explicitly.) Moreover we verify the following conjectures for 
such a block B. (Of course the conjectures are made for all blocks of all 
finite groups.) Let d(B) be a defect group of B and d(B’) its commutator 
subgroup. 
Conjecture I. k(B) = k,(B) o d(B) abelian. 
Conjecture II. k(B) < Id(B)\. 
Conjecture III. k,(B)< Id(B) : d(B)‘/. 
For the symmetric groups Conjecture I was verified and the numbers 
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k,(B) were computed in [ 131, whereas the last two conjectures were 
verified in [ 143. As it turns out the verification of the two last conjectures 
may in most (but not all) cases be reduced to the case of the symmetric 
groups. 
The distribution of the irreducible characters of S, into blocks is 
described by the “Nakayama Conjecture,” which was proved in 1947 by 
Brauer [2] and Robinson [ 171. In 1965 A. 0. Morris [lo] stated a similar 
conjecture for the spin characters of 3, (i.e., the faithful irreducible charac- 
ters). Morris’ conjecture was proved by Humphreys [6] using extensively 
the theory of projective representations. Cabanes [3] gave an alternative 
proof and determined the defect groups of the blocks. In Section 1 we 
introduce some important concepts and review Morris’ conjecture. 
Partly as a preparation for the study of the block invariants we consider 
in Section 2 some generating functions, for instance the generating func- 
tions for the number of irreducible characters (of p-defect 0) in these 
groups. (See also [ 121 for some other interesting generating functions.) 
Then the remaining sections are devoted to the block invariants and the 
proofs of the conjectures for s, (Section 3) A, (Section 4) and a, 
(Section 5). Let us finally mention that Kiilshammer [9] has shown 
that generally Conjecture III is a consequence of Conjecture I and the 
Alperin-McKay conjecture, which will be considered elsewhere. 
1. ON MORRIS' CONJECTURE. PRELIMINARIES 
We start by giving some definitions and refer the reader to [16] for 
further details. 
Let n be a positive integer. A partition 
1, = (al, a,,..., a,) 
of n is called a bar partition if all parts are different. Thus a, > a2 > . . . > 
a, > 0 and a, + ... + a, = n. We then write A >n. (If A is an ordinary 
partition of n we write A F--H.) To J + n we associate a shifted Young 
diagram S(A) having a, nodes in the ith row and to each node in s(1) we 
associate a subdiagram, a bar, of S(n) and the number of nodes in the bar 
is called the bar length. The bar lengths of the nodes in the ith row of s(J) 
are the integers in the set 
( ( 1, 2, . . . . a,)” {a,+a,l~>i))\{a,-a,Ij>i) 
written in decreasing order. The bar associated to thejth node in the ith 
row of s(J) is called the (i, J-bar. The removal of a bar‘is described in 
details in [ 16, Sect. 11. 
190 J(?JRN B. OLSSON 
We assume in this section that p is an odd prime. If A >n, the bar 
lengths of 13 which are divisible by p are described in a natural way by the 
p-quotient (p-bar quotient) I(” A. Here 
1’“’ = (A,, A,, . ..) A,), t=hJ- 1)/Z 
where II, is a bar partition and Ar, il,, . . . . 1, are partitions. Defining a bar 
in A(@’ as a bar in A,, or a hook in some A,, i= 1,2, . . . . t, we have the 
following basic result. (See [16, (2.3)].) 
LEMMA (1.1). There is a canonical bijection g between the set of bars of 
2 of length divisible by p and the set of bars in A’“‘. Thereby an lp-bar R of 
1, is mapped onto an i-bar g(R) in II (j’. For the removal of the corresponding 
bars we have (Iz\R)(p) = Acp)\g(R). 
Removing inductively all p-bars from A we obtain a uniquely determined 
partition A,,,, the p-core (p-bar core) of 1. Using (1.1) repeatedly we get 
14 = I&,1 +pu,(4, 
where the p-weight of 1, w,(A), is defined by 
when A’“‘= (A,, A,, . . . . A,). From I,,, and 1’“’ we may recover A [16]. If 
A=(a,,a,,..., a,) > n we define m(A) = m and 
if n - m is odd (and call il odd) 
if n - m is even (and call I even). 
Moreover the sign a(A) of 1 is 1, when I is even, and - 1, when 1 is odd. 
The spin characters of 3, (i.e., the faithful irreducilbe characters) are 
indexed naturally by the bar partitions A > n in such a way that 1 indexes 
two spin characters, when A is odd, and one spin character, when A is even. 
The degree of a spin character (A ) indexed by I > n is 
g(n) := 2[“-“(“/21n!/~(~), 
where A(A) is the product of all the bar lengths of 1 and [ .] means 
“integral part of.” This was proved by Morris. In particular (A) has 
p-defect 0 if and only if A= A,,,, i.e., I is a p-core. 
Since p is odd, a p-block of 3, contains only spin characters (a spin 
block) or no spin characters at all. We have [3, 61: 
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THEOREM (1.2) (Morris’ Conjecture). Let p be odd. If]., p > n and II and 
p are not p-cores, then i and p belong to the same p-block, if und only if 
4P, = kc,. 
THEOREM (1.3). Let L? be a spin block in s,,, I. >n, (I> E h. Zf 
~~(2) = w, then A(B) is a p-Sylow subgroup of sp,,,. 
Note. This is completely analogous to the case of S, [S]. So A(b) is a 
direct product of iterated wreath products of cyclic groups of orderp. 
Note. Another proof of (1.2) and (1.3) more in the style of the original 
proof of the Nakayama conjecture is available from the author. 
Definition. rf‘ L? is a spin block in 9, and (1) E B, we define the weight 
of B by w(g) = ~,~(n). By (1.2) this is u~ell-defined. 
2. SOME GENERATING FUNCTIONS 
The block invariants considered in the final sections depend only on the 
weight of the block and on a certain property of the core (a sign or a sym- 
metry) but are otherwise independent of the core. Considering then the 
block invariants as functions of the weight w>O it is reasonable to study 
the corresponding generating functions. This should make an actual com- 
putation of -the invariants (say on a computer) easier. It is also useful for 
the theoretical study of the invariants. For instance, a proof of (3.2) below 
would be rather difficult without using generating functions. In this section 
we determine also the generating functions for the number of irreducible 
characters and for the number of irreducible characters of p-defect 0 in ,j,,, 
A,, and d,. We express all functions in terms of the generation function 
P(X) for the number of partitions. 
First we consider the functions relevant to 3, and a,,. Let p be an odd 
integer (not necessarily a prime number) and set t = (p - 1)/2. If MS EN,, a 
p-quotient of weight w is a (t + l)-tuple (&, A,, . . . . 2,) of partitions, where 
2, is a bar partition, such that I&/ + Ii,] + . . + I&l = M’. The sign of this 
p-quotient is then 
4&l, 21, . . . . 2,) := (_ 1 )M,-m(h) 
(see Section 1). The sign of a bar partition A > n is 
a(]v) = (- 1 )-m(i) = (- 1 y(A). 
48, I?8 I-13 
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Then in the notation of Section 1 we have 
o(A) = u(l’“‘)a(A,,,), 
where 2’“’ is the p-quotient and AC8) the p-core of 1. 
This follows easily from the fact that 
(2.1) 
4) = m(no) + m&p,) (mod 2) 
(see, e.g., the proof of (2.6) in [ 161). 
Let n EN,, u a sign. We consider the following numbers: 
p(n), the number of partitions of n 
q(n), the number of bar partitions of n 
q"(n), the number of bar partitions of n with sign c 
q”(n) = q’-l’“yn) 
q(& n), the number of p-quotients of weight n 
q"(p, n), the number of p-quotients of weight n with sign (T 
Q"(p, n) = q(-')"yp, n) 
c(p, n), the number of p-cores of n 
c”(& n), the number of p-cores of n with sign CJ 
c”“(j$ n) = c(-‘)yp, n). 
The corresponding generating functions will be denoted (in the same 
order) 
P(x), Q(x), Q”(x), &W, C?,(x), Q;(x). &(x,, F,(x), F;(x), e(x). 
Thus, for example, 
Q'(x) = c q'p""(n)x" 
fl>O 
is the generating function for the number of bar partitions of n with an 
even number of parts. We have the relations 
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Pvoofof(2.2~(2.6). For (2.2) see [8, 6.1.31. The next two formulas are 
trivial. To prove (2.5) we notice that g’(n)-@-(n) is the coefficient o x” 
in the product (1 - x)( 1 L x2). . . (1 -x”): Writing n as a sum of different 
parts we get a contribution 1 (resp. - 1) to this coefficient when the 
number of parts is even (resp. odd). Thus 
Q’(x)-&(x)= fi (l-x’). 
1=1 
But it is well known and easy to prove that 
1 
P(x)=(l-x)(l-X*),..(l-.y~)... (*) 
so (2.5) follows. Comparing coefficients it is easy to see that Q+(x) - 
Q-(x) = Q’( -x) - &( -x). Then (2.6) follows from (2.5). 
Let us consider P( -x), which is involved in several formulas in this 
section. Using (*) above we get easily 
P( -x) = P(x’)‘/P(x)P(x”) 
P( -x)-l = P(x)P(x”)/P(x’)~ = Q(x)/Q(x’)P(x*). 
(2.7) 





PROPOSITION (2.10). The generating function for the number of spin 
characters in 3, is 
P(x) 3 1 P(x”) p(x)=- ---- 
P(x2) ( 2 2 P(x2)2 > 
and the generating function for the total number of irreducible characters in 
SE is P(x)+@(x). 
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Proof: By the remarks in Section 1, P(x) = Q+(x) + 2Q-(x). 
Next we consider the p-quotients. We have the relations 
Q,(x) = Q(x)P(x’) = P(x)” l/P(x2) (2.11) 
Q;(x) + Q, (4 = Q,(.x, (2.12) 
0; (x) + o,(x) = Qp(x) (2.13) 
Q;(x) = p(x) P(x)’ (2.14) 
Q,+(x)-&(x)=P(x)‘-’ (2.15) 
Q;(x)-Q,(x)=P(-x)‘? (2.16) 
Proofof(2.11))(2.16). (2.11) follows from the definition and (2.12) and 
(2.13) are trivial. (2.14): Suppose that (&, A,, . . . . A,) is a p-quotient of 
weight n and sign ( - 1)“cr. Then ( - l)m(i.o) =CJ. If l&l = n, then 
~(2,) = ( - l)“Oa and there are q”(n,) choices for 1, and then the remaining 
partitions A,, . . . . I, may be chosen arbitrarily subject to IA,1 + . . . + IA11 = 
n-nn,. (2.15) follows from (2.14) and (2.5) and (2.16) is then true, since 
Q;(x)-Q,(x)=&+(-x)-&-x). 
Using (2.11), (2.13), and (2.15) we get 
and using (2.11), (2.12) and (2.16) we get 
(2.17) 
(2.18) 
Now we consider the p-cores and defect 0 spin characters. If ;1 is a bar par- 
tition and o(A) = 1 then .(A’“‘) = a(&,), by (2.1). Since a bar partition is 
uniquely determined by its p-core and its p-quotient and since 
I4 = &p,l +P c 14 if A(@)= (A,, A,, . . . . A,) 
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Moreover we have 
~+(x)=Qb(xP)~~(x)+~p(xP)~~(.~) 
Q-(x,= Q;(x”)F;(x)+ Q,(xqF;(s). 
Trivially 
F;(x) + F,-(x) = F,(x) 
F;(x) + F;(x) = FJX,. 
Therefore, if we add (2.19) and (2.20) we get 
Q(x) = Q,(xP)F,(x) 
or, using (2.2) and (2.1 l), 
F,(x) = P(x)P(x2”)/P(x2)P(x”)‘f l. 













Combining the last formulas we get 
Qx)= t(~~(x)+o~(~)~~~(~~jl--‘) (2.28) 
F;(x) = #,(x) + aP( -x)-‘P( -x”)‘-‘). (2.29) 
In these formulas F,(x) may be expressed by (2.25) and P( -x)- ‘, P( -x”) 
may be expressed using (2.7) so that F;(x), Q(x) are expressed solely in 
terms of P(x). 
PROPOSITION (2.30). Let p be an odd prime. The generating function for 
the number of spin characters of p-defect 0 in ,j,, is 
Moreover the generating function for the total number of irreducible 
characters of p-defect 0 in s,, is ~Jx) + F’,(x), where F,(x) = P(x)/P(x”)~. 
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Proof: The first statement follows from the fact that we indexed spin 
characters of p-defect 0 by p-cores. Moreover F,(x) is the generating func- 
tion for the number of irreducible characters of p-defect 0 in S,. (See, e.g., 
c13, (3.311.) 
Note. Since 3, has a central subgroup of order 2, there are no spin 
characters of 2-defect 0. 
In the remainder of this section we consider ordinary partitions 1 I-H. 
We let A0 denote the dual partition of I and call I symmetric if II = 1’. If 
e E N we let Ace) and ,?“’ denote the e-core and e-quotient of 2. Thus 1+(e) 
is an e-tuple of partitions satisfying 
111 = 14,J +e(Ib + ... + I&l). 
The partition ,? is uniquely determined by Ace) and A”‘, and IA,1 + ... + l&l 
is the e-weight. (See [S, Sect. 2.71.) An e-quotient (A,, 1,, . . . . A,) is called 
symmetric, if (A,, &, . . . . 1,) = (29, A:- i, . . . . 17). 
LEMMA (2.31). Let A I- n, e E N. 
(i) If A(” = (A,, II,, . . . . A,) then (A’)“‘= (AZ, AZ- 1, . . . . 1:). 
Moreover Ape, = (A”),,,. 
(ii) ;1 is symmetric, if and only if A”’ and A,,, are symmetric. 
Proof: Part (i) is an easy consequence of the description of the 
e-quotient (using hand and foot residues) given by James [7]. Part (ii) is 
a consequence of(i). 
Let n E No, e E N. We consider the following integers: 
p(‘)(n), the number of symmetric partitions of n 
pCa)(n), the number of non-symmetric partitions of n 
k(e, n), the number of e-quotients of weight n 
k(‘)(e, n), the number of symmetric e-quotients of weight n 
k@)(e, n), the number of non-symmetric e-quotients of weight n 
c(e, n), the number of e-cores of n 
cCs’(e, n), the number of symmetric e-cores of n 
c@)(e, n), the number of non-symmetric e-cores of n. 
The corresponding generating functions will be denoted (in the same 
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order) P’*‘(x), P(~)(X), P,(X), P:)(X), pIpI(x), F,(X), F:)(X), F:)(X). We 
have 
P’“‘(x) + P’“‘(x) = P(x) (2.32) 
P’“‘(x) = P(x)P(x4)/P(x2)2 (2.33) 
P’“‘(x) = P(x)( 1 - P(x”)/P(x’)‘) (2.34) 
P,(x) = P(x)’ (2.35) 
P’“‘(x) + P’“‘(x) = P,(x) e c (2.36) 
P;‘(x) = 
P(x2)fP’“‘(x) if e=2f+ 1 isodd 
P(x’)f if e = 2f is even. 
(2.37) 
Proof of (2.32)-(2.37). (2.32) and (2.36) are trivial. (2.33): The diagonal 
hooklengths in a symmetric partition form the parts of a partition of n with 
all parts different and odd. Thus 
P’0’(x)=(1+x)(l+X3)(1+X5)...(1+X*~+’)... 
= P(x) P(x”)/P(x’)’ 
(using (*) above). (2.34) and (2.35) are easy to prove. 
(2.37): Let (Izl, A,, . . . . A,) be a symmetric e-quotient of weight n. If e = 2f 
then 1: = A,, At = A,-, , . . . . 1; = 3L/+, . Thus the f-tuple (A,, . . . . S) determines 
the e-quotient completely. Since IA 1 1 + . . + IA,./ = IA,., I I + . . + IA,1 = n/2, 
our claim follows. If e = 2f + 1, Af+, has to be symmetric. Otherwise the 
argument is analogous. 
Note. pts’(n) is also the number of conjugacy classes in S, of 2-defect 0 
ClU 
Finally, we have 
F’“‘(x) + F’“‘(x) = F ( c P .X ) (2.38) 
F,(x) = P(x)/P(x’)’ (2.39) 
F’“‘(x) = PCs’(x)/PCs)( e P x ‘). (2.40) 
Proof: Equation (2.38) is trivial, (2.39) is proved in [13], and (2.40) is 
proved analogously using (2.3 1 )(ii). 
PROPOSITION (2.41). The generating function for the number of 
irreducible characters in A, is 
P(x) = $P(x)( 1 + 3P(x4)/P(x*)*). 
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PROPOSITION (2.42). Let p be an odd prime, t = (p - 1)/2. The generating 
function for the number of irreducible characters in A,, of p-defect 0 is 
FJX) = - 1 fYx)W”) 1 + ( 
3 
2 P(x*)* > P(x2Jy*P(x”)P(x4q . 
The proofs of (2.41) and (2.42) are easy consequences of the above 
formulas and the remarks in the beginning of Section 4 below. 
Finally, we consider the groups A,. A spin character of A, is a faithful 
irreducible character of A^,. Using the remarks in the beginning of Section 5 
below: 
PROPOSITION (2.43). The generating function for the number of spin 
characters in A, is 
P(x) 3 1 P(x4) 
j(x)=$gj j+5p(x2)2 ( > 
and ths generating function for the total number of irreducible characters of 
A, is P(x) + P(x). 
PROPOSITION (2.44). Let p be an odd prime, t = (p - 1)/2. The generating 
function for the number of spin characters of p-defect 0 in A, is 
~p(x)=2F;(x)+F;(x) 
and the generating function for the total number of irreducible characters of 
p-defect 0 in A, is 6J.y) + ~Jx). 
3. THE BLOCKS OF s, 
Let p be an odd prime in this section. We consider blocks fi of spin 
characters (spin blocks) of nonzero defect, i.e., of nonzero weight. (See 
Section 1.) Let fi be a block of spin characters and (2) E B. Then ~~(1) is 
the weight of i? and we call Aca, the core and a(&,) the sign of I? . As 
mentioned in Section 1, 2 > n indexes one spin character when a(1) = 1 and 
two spin characters when a(A) = - 1. 
PROPOSITION (3.1). Let B be a spin block of sign a and weight w > 0. Then 
k(B) depend only on o and w and we have 
k@)=k”(/7, w)=q’Q, w)+2q-“(p, w), 
where qO(p, WV) is defined in Section 2. 
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ProoJ By (1.2) the characters in 3 are exactly those indexed by bar 
partitions 1 with w,(L) = w and A,,, equal to the core of B. These partitions 
are distinguished by their p-quotients, so (3.1) follows easily using (2.1). 
If w(8) = w > 0 we thus have two possibilities for k(j). We discuss briefly 
the relation between the two values I;’ (~7, w) and k-(p, w) of k(B). As in 
Section 2, t = (p - 1)/2. We have 
PROPOSITION (3.2). For all w > 1 
I;‘-“““(p, M’)-p’qp, )$‘)=/qt- 1, w). 
Proof. Using (3.1) and the notation of Section 2 we have 
L’P”%“(p, w) - i?““(jj, w) = 4+(p, w) - q-(p, w). The generating func- 
tion for Lj”(p, w) is denoted e%(x) in Section 2 and by (2.15) we have 
&t(x) - Q;(x) = P(x)‘- ‘, proving our result. 
COROLLARY (3.3). For all w > 1 
l’(5, w)=k(3, w). 
This corollary shows that the two possibilities for k( fi) coincide for p = 3. 
For p > 5 this never happens. Since k(t - 1, w) > 0 when t - 1 B 1 we have 
COROLLARY (3.4). For p 3 5 and all w > 0 
/pll~+‘(p, w)>pl’“(p, w) 
Special Cases. (i) /~~“~+‘(5, w)-P”“(5, w)=p(w). 
(ii) fC+(p,O)=l, L-(&0)=2. 
(iii) &+(p, 1) =p, f-Q, 1) = 2 + (p - 1)/2 (corresponding to blocks 
with a cyclic defect group of orderp). 
(iv) I;+(p,2)=2p+(i),k(p,2)=2p-1+t2. 
Next we describe the height ht( (1”)) of a character (A) E & where 
w(B) = w,(L) = w. We then have 
n = 111 = IA,,,] +pw. 
The degree g(il) of (2) is (see Section 1) 
g(l) = 2[“-“‘“‘~21n!/J$4. 
(1) 
(2) 
In [ 16, Sect. 31 we introduced the p-core tower of J.. If p,(p, A) is the 
sum of the cardinalities of the partitions in the ith row of the p-core tower 
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of 1, then /L,(p, A)= I&,[ and by [16, (3.1)], 
v(@l))= 
( 
n- c B,(P,A) (P-1). 
120 
But by (1 ), n - /Io(p, A) = wp, whence 
vthtn)) = WP - 1 B,(P, 1) ( (P - 1). ID1 >i (3) 
Ifw=C,.oajpJ is the p-adic decomposition of w, then 
vt(wp)!)=(wp-~oa~)~(p-l). (4) 
a general fact. By (1.3), d(B) = v((uy)!). Combining (2), (3), and (4) we get 
for the height 
ht((1)) = v(g(1)) - v(n!) + d(B) 
(P- 1). 
We have shown 
LEMMA (3.5). In the above notation 
htt(l))=( c B,tP, A)- 1 a,‘)/tp- 1). 
I>1 ‘20 
In particular, the height of (A> in & is independent of the core of 8. 
In order to give a formula for k,(B) we decompose 
such that 
km = kc, WI = q:m WI + 2q,“(P, w) 
if L? has sign (T. Moreover qE(p, w) will enumerate p-core towers with 
special properties. As in [ 13, p. 311, E,( p, w) is the set of sequences 
(cI~, a,, . . . . fxk, ..) satisfying 
a, E No, c a,p’ = w, 
120 
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where again w = C a; pJ is the p-adic decomposition of w. Moreover, if cr is 
a sign we let C, denote, the set of sequences (a,, or, . . . . ck, . ..). where each 
g, is a sign, all but finitely many 0,‘s equal 1, and the product of all 0,‘s 
equals D. 
Suppose that 8 has core p and weight u’. Let (A) E 4, ht( (A)) = a. 
Consider the p-core tower of 1: 
(*I 
(i) (a,, aI, . ..)EJ%P. w), 
by (3.5) and if rr,= (- l)“‘- m(‘l+‘.O) then a repeated use of (2.1) shows that 
(ii) (a,, al, . ..) E Co(l~~j. 
Conversely, if A is a bar partition with p-core tower (*) satisfying (i) and 
(ii) then (A)E~ and ht((l))=a. 
We define integers C;(p’, n) by the equation 
F.g(x)Fp(x)@‘-‘“2 = Jo C,“‘-“‘(P’, n)x”, 
where e(x) and FJx) are given by (2.28) and (2.39). Then C;(p’,n) is the 
number of sequences of partitions I,, A,, . . . . A,,,- 1j,2, where 1, is a p-core, 
AJ is a p-core for j > 0, C>,, 151 = n, and ( - l)n-m(‘o) = 0. Note that 
CT(p’, 0) = 1 and C;(p’, 0) = 0 for i > 1. From the above we get now 
that if 
(5) 
then we have 
PROPOSITION (3.6). In the above notation, ifg is a spin block of sign a and 
weight w then for a 2 0 
k,(B) =&p, w) = q:(p, w) + 2q,“(p, w). 
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Note 1. When a = 0 the formula (5) simplifies, since E,(p, w) = 
{Cab, 4, . . . . ai, 0, . ..)} when MI = xi=, ai p’, 0 < a: <p - 1, ai # 0. Therefore 
q&K IV) = c n Cgqp’f l, a:). (6) 
:(oo,al, . ..u.)IrIu,=u} r=O 
Note 2. If q&Y, u)) :=q:(p, w)+q;(p, w) then 
&P, w) # 0 - q&J w) # 0. (7) 
Moreover, if C,(p’, n) = Cl(p’, n) + C;(p’, n) is defined by the equation 
Fp(x)Fp(x)(p’-l)‘* = 1 C,(p’, n)x” 
fl>O 
then 
4A% WI = 1 n qpl+‘, @,I. 
(a,) E E,(P, u’l I > 0 
Note 3. We have 
(8) 
qp’, n) = qQ’, n) for i> 1, O<nQp-l,aasign. (9) 
This is because all (bar) partitions of cardinality <p - 1 are p-(bar) cores. 
This fact also implies that 
C,(P’, n) zo if n<(~--l)(l+(p’-1)/2. (10) 
Now we consider Conjecture I (in the introduction) for spin blocks, 
proceeding as in [13, Sect. 33. We show first that a spin block with a non- 
abelian defect group contains a character of height 1: 
LEMMA (3.7). Zfw ap then ky(p, W) ~0. 
Proof: We have that (ah, a;, . . . . ai_, +p, a:,, - 1, 0, . ..)eEl(p. w). 
Using Note 2 and Note 3 we see that it suffices to show 
C,(P’, ai- 1 +p) # 0. (Then ql(& w) # 0, forcing &(p, w) #O). Suppose 
that C,(p’, a:-, +p)=O. Then by (10) 
2p- 1 >a:-, +p>(p- l)(l +(p’- 1)/2), 
whence 
2p- 1 [ I - =23(l+(p’-1)/2)* P-l 
P-BLOCKSOFSOMECOVERING GROUPS 203 
forcing p’=3. We get &,+p=5. But C,(3,5)#0, since (l), (3, 1) is a 
pair consisting of a 3-core and a 3-core, whose cardinalities add to 5. This 
is a contradiction. 
PROPOSITION (3.8). Let b be a spill block of weight u’. The following 
statements are equivalent: 
(i) II’ 2 p. 
(ii) The defect group of B is nonabelian. 
(iii) k(B) # k,(B). 
(iv) k,(B) # 0. 
Proof By (1.3) (i) and (ii) are equivalent. By (3.7), (i)=>l(iv) and 
(iv) =S (iii) is trivial. If w <p then E,(p, w) = 0 for CI > 1 so k,(B) = 0 for 
a 2 1. Thus k(B) = k,(B). This shows that (iii) * (i). 
We now turn to the remaining conjectures for 6. We assume 1~ > 2 since 
the conjectures are known to be generally true for blocks with cyclic defect 
groups. 
LEMMA (3.9). Let M’ 3 2, i>, 1. Then 
2q( p’, w) 6 k( p’, w ). 
Proof q(p’, ~1) is the number of p’-quotients of weight MI and k(p’, M’) 
is the number of PC-quotients of weight u’. We consider the case i = 1, the 
other cases .being analogous, and let t = (p - 1)/2. To each p-quotient 
(A,, A,, . . . . A,) of weight M’ we associate two p-quotients of weight w as 
follows 
.f,(&, A,, . . . . A,)= (A”, 21, . . . . A,, o,o, . . . . 0) 
.fr(&, 4, ...> 34) 
i 
(&, 0, . . . . 0, A,, . ..1 4) if (A,, . . . . A,) # (0, . . . . 0) 
= (0, /I;, 0, . ..) 16, 0, . ..) 0) if 2,~ . . . =~,=O. 
In the last line 26 is in the position t + 2 and if A, = (I,, 12, . . . . 1,) then 
l.;=([q,[q] )...) [G]) 
&f=(~;],[$] )...) rf]). 
Note that since M’ 2 2 both %b and A;( are nonzero. Suppose that 
f*(A 0, . ..1 2,) =f/hl, . ..1 cl,) = (PI, P2r ..., p,) for some i, jE { 1,2} and some 
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p-quotients (A,, . . . . A,), (pO, . . . . pL,). We show that i=j and (&,, . . . . 1,) = 
(P 0, ..., pt). Then (3.9) is proved. If p,+ z = pI + 3 = . . = pP = 0 then i = 
j= 1 and therefore (A,,, . . . . 2,) = (pO, . . . . pL,) by the definition of fi. If 
(P r+23 .“, P,) z (0, ..., 0) the i=j= 2. Again (A,, . . . . 1,) = (p,,, . . . . ,u,) since fi 
is trivially injective. 
Note. q(p’, 1) = (p’ + 1)/2, k(p’, 1) =p’ so (3.9) is false for w = 1. 
However, q + (p’, 1) = 1 since the unique $-quotient with sign + 1 is 
(( 11, 0, ..., 0). Also q ~ (p’, 1) = (p’ - I)/2 and 
%“(P, l)<k(p’, 1). (11) 
LEMMA (3.10). Let G be a sign and w> 1. Then 
k”(P, w) 6 k(p, w). 
Proof: By the special case (iii) following (3.4) our result is true for 
w = 1. Let w 3 2. Then, using (3.1) and (3.9), ,@‘(p, w) = qO(p, w) + 
2q-“(p, w) < 2q@, w) < k(p, w), as desired. 
PROPOSITION (3.11). Let B be a spin block of defect d. Then 
k(B) <pd. 
Proof A p-block of weight w in S, contains k(p, w) irreducible charac- 
ters [8, 6.2.11. If 8 has weight w, then b has the same defect group as a 
p-b!ock of weight w by (1.3). By the results in [14], k(p, w) <pd. Since 
k(B) < k(p, w) by (3.10) our results follows. 
Note. We see that Conjecture II for blocks of S, is stronger than the 
same conjecture for spin blocks. The same holds for Conjecture III. 
LEMMA (3.12). Let o be sign, w > 1. Then 
&(P, w) d Up, wh 
where k,(p, w) is the number of characters of height 0 in a p-block in S, of 
weight w. 
Proof: Write w = Cl=, ai p’ p-adically. By (3.6) and (9) above 
Q(p, w) < 2q0(& w) = 2 Ij CJp’+‘, a:) 
I=0 
=2 n q(P’+‘,a:) 
i=O 
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since ai 6p - 1. By [ 13, (3.7)] 
k&Y, w) = fi k(p’+‘, a;). 
I=0 
Whenever 
holds, then (3.12) is valid too. By (3.9) this is certainly the case when some 
a: 2 2. Suppose that all a:‘s are 0 or 1. If at least two a:‘s are 1, say 
a; = al = 1, then an easy calculation shows that 
2q(p’+‘, a;)q(pk+‘, a;)<p’+k+2=k(p’+1, l)k(pkf’, 1) 
so that (*) is valid in this case too. If w =pr, (*) fails. In that case using 
(6) and (9) we have 
q;(p, w)=C;(pr+l, l)=q”(pr+‘, 1). 
But by the note following (3.9) q+(p’+‘, l)= 1 and q-(p’+‘, l)= 
(P r+l- 1)/2. Thus 
/g(p, w)=q”(pr+l, 1)+2q-“(p’+‘, 1) 
if a=1 
if 0=-l. 
In any case I;,“(p, w) <p’+ ’ = k,(p, w). 
PROPOSITION (3.13). Zf l? is a spin block with defect group D then 
k,(B) < ID : D’I. 
Proof: Use (3.12) and [ 143, arguing as in the proof of (3.11). 
4. THE BLOCKS OF A, 
As in Section 2, 11’ denotes the dual (or conjugate) partition of a 
partition I + n. If L = 1’ we call ,? symmetric. If 1 I-H, [A] denotes the 
corresponding irreducible character of S,. Then [ l”] is the sign character 
and [l”][A] = [Lo]. (See [8].) Thus by Clifford’s theorem we have: 
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LEMMA (4.1). Let 1+ n. 
(i) If l=A”, then [nIlA,= {A} + {A}‘, u#zere (Al and {A)’ ure 
different irreducible characters of A, (which are conjugate in S,). 
(ii) Zf 1# 1’ then [A] I A, = [,I”] 1 A, = { 2) is an irreducible character 
of An. 
If ,? +. n we let {A} denote an irreducible character of A,, such that 
(Cal& in))+@ 
In this section we consider p-blocks for arbitrary primesp. 
PROPOSITION (4.2). Let B be a block of S, of positive defect. Then B 
covers a unique block (called B) of A,,. 
Proof Since B has positive defect, the weight w of B is nonzero. 
Suppose that B covers two blocks B and g of A,,. Then each character 
[A] E B has;lto be reducible since [A] 1 A. must have one constituent in B 
and one in B. By (4.1) II = 1.’ for all [A] E B . Then (2.31)(ii) forces ;1(J” to 
be symmetric for all [A] E B. However, each p-quotient of weight w occurs 
as a p-quotient of some A, [A] E B and ((w), 0, . . . . 0) is a nonsymmetric 
p-quotient of weight u’. This is a contradiction. 
If B is a block of S, of positive weight w we also associate the same 
weight w to the block B of A, covered by B. Similarly, if p is the core of 
B (i.e., p = JLo,) for some [A] E B) we also call p the core of 3. Then p” is 
also a p-core and the corresponding block of S, is denoted B”. Thus 
It is clear by the above that B = B” and that if B, and B, are different 
blocks of positive defect with B, = B, then B, = By. If B = B” we call B 
(and B) symmetric. Otherwise the blocks are called nonsymmetric. If p = 2 
all blocks of S, are symmetric (e.g., since all 2-cores are symmetric). 
As in Section 2, k”‘(p, W) and k’“‘(p, W) denote the number of symmetric 
and nonsymmetric p-quotients of weight W. 
PROPOSITION (4.3). Let p be odd and B a block of A,, of positive weight 
covered by the block B of S,. 
(i) If B is symmetric, then 
k(B) = k”‘“‘(p, w) = 2k”‘(p, w) + ;k’“‘(p, w). 
Zf [%I E B then {A} E B and ht( [A]) = ht( { I.}) (where ht denotes height). 
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(ii) Zf B is nonsymmetric, then 
k(B) = k(B) = k(p, w) 
and restriction gives a height-preserving bijection between the characters of B 
and the characters of B. 
Proof: It is well known [4, V3] that B and 3 have a common defect 
group. Therefore (4.3) follows from (2.31) and (4.1). 
Special Cases. E”‘( p, 1) = 2 + (p - 1)/2, k( p, 1) = p (cyclic defect 
group), E(“(P, 2) = (p - 1) + (P + 1 J2/4, k(p, 2) =p(p + 3)/Z. 
It is of course possible to decompose k(B) according to the heights and 
our approach allows us to give explicit formulas for k,(B). These numbers 
are again independent of the core of i?. The principle is the same as in 
[ 13, Sect. 31 and as in the previous section, so we omit the details. (The 
height of [A] and thus of {A} depend on the p-core tower of 1 only.) If B 
is nonsymmetric then k,(B) = k,(B) = k, (p, +t’), where k, (p, PC) is computed 
in [ 13, Sect. 33. We state here only the formulas for k,(B) which are 
needed later. 
PROPOSITION (4.4). Let p be odd and let w > 0 have the p-adic decomposi- 
tion w = Cr=, a,‘~‘. Then let 
E”‘(p, w) = ‘k’“‘(p, M’) + ‘k ( 0 2 0 2 OP?u’)? 
where 
kg’(p, w)= fi k’“‘(p’+‘, a,‘) 
,=O 
and 
k,(p, M’) = h k(p’+ ‘, a:). 
,=O 
Zf B has weight w, then k,(B) = Et’(p, W) if B is symmetric and 
k,(B) = k,(p, w) otherwise. 
Next we consider the case p = 2. 
PROPOSITION (4.5). Let p = 2 and let B be a block of A, @weight w > 0 
covered bv the block B of S,. 
(i) If w = 2~7’ is even then 
k(8) = i;(2, M’) = ;p(w’) + ;k(2, w). 
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Let {~}EB. ZfA is symmetric then ht({l})=ht([J])-1. ZfJ is nonsym- 
metric then ht( (1)) = ht( [A]). 
(ii) If w is odd then 
k(B) = E(2, w) = $(2, w) = $k(B) 
and restriction gives a height-preserving surjective map from the set of 
characters of B to the set of characters of B. 
Proof: The 2-cores of partitions are all symmetric (the “triangular” 
partitions (t, t - 1, . . . . 1)). A symmetric 2-quotient has the form (,u, ,u”) for 
some partition p and this is only possible when the weight is 2w’, where 
p E- ~1’. Hence there are p(w’) symmetric 2-quotients of weight w = 2~’ and 
none when w is odd. For the defects of the blocks we have d(B) = d(B) - 1 
[4]. Now (4.5) follows from (2.31), (4.1), and (4.2). 
Again it is clear that explicit formulas may be given for k,(B) for all 
i > 0. We consider only k,(B). In the case where the weight is even, if i is 
symmetric, [A] E B, and ht[ll] = 1 then the two constituents of [A] IA. are 
characters of height 0 in 8. Suppose that [A] E B, 1 symmetric. If /?,(2, 2) 
is the sum of the cardinalities of the partitions in the ith row of the 2-core 
tower of 2 then generally [13, Sect. 33 ht([n])=d, where 
where u’= X,30 a:2’ is the 2-adic decomposition of M’. 
This “deviation” d is also equal to the number of steps necessary to 
change the 2-adic decomposition w = C, a o a: 2’ into the decomposition 
u’ = CI,o fi, + ,(2, n)2’, when each step has the form: Replace a power 2’ of 
2 by 2 .>I- ‘. Since i is symmetric all rows in the 2-core tower of I are sym- 
metric and thus /?,(2, A) is even for i> 0. In order to change the 2-adic 
decomposition of w into CI,o fi,+ ,(2, A)2’, where each 8,+,(2,1) is even, 
each power 2’ where ai = 1 has to be involved in a step as described above. 
Thus d = 1 is only possible when w is a power of 2. This is the essential part 
of the proof of the following: 
PROPOSITION (4.6). Let B be a 2-block of weight w = C a:2’ in A,,. Then 
/+I 
E,(B) = j;,(2, w) = 
I 
ko(23 w, = 2 if w = 2/ is apower of 2 
;ko(Z w) if w is not a power of 2. 
Note. In any case E,(2, ~2) is a power of 2. 
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Proof Assume that w is not a power of 2. Let [A] E B (covering B), i 
symmetric. Then ht( [A]) # 1 by the above and ht( [A]) # 0 since all 
fi,(2,1), i#O, are even.’ Thus ht({l})#O. We get k,(B)=ik,(B)= 
$k,,(Z, w). Next assume that rv = 2’ is a power of 2. Let [A] E B, 1 
symmetric, ht[1] = 1. Then 8, (2, ;1) = 2 and the p-core tower contains two 
partitions (1) in symmetric positions in the jth row and (0) otherwise 
outside the 0th row. Thus we have 2J-' possibilities for I giving by 
restriction 2’ characters of height 0 in B. Furthermore we get $k,(2, u.) = 2J 
characters of height 0 in B as the restriction of the k,(2, u’) characters of 
height 0 in B. 
EXAMPLE. 12’ = 2. Then d(B) is dihedral of order 8 and d(B) elementary 
abelian of order 4. In B there are four characters of height 0 indexed by 
nonsymmetric partitions and one character of height 1 indexed by a 
symmetric partition (obtained by adding two nodes in the first row and in 
the first column of the core). The four height O-characters in B yield two 
characters in B and the height l-character in B has two irreducible 
constituents in B when restricted to A,. Thus k,(B) = k(B) = 4. 
LEMMA (4.7). Let B he a block of weight M’ in A,. 
(i) Zfp is oddandwap then k,(B)#O. 
(ii) Zfp=2 andw>3 then k,(B)#O. 
Proof Part (i) follows from [13, (3.9)] and from (4.3) above. (ii) If M’ 
is not a power of 2 there are no characters of height 1 in B corresponding 
to symmetric partitions. Therefore the characters of height 1 in B (which 
exist by [ 13, (3.9)]) yield characters of height 1 in B. If u’ = 2J and j> 2 
consider the partition 1 having the same 2-core as B and 
(I)? (1 h (O), (Oh ..., (0) 
in the jth row of the 2-core tower (and all other rows have only (0)). Then 
{~}EB and ht({/2})= 1, since ht( [I.]) = 1 and 2 is nonsymmetric. 
PROPOSITION (4.8). Let B be a block of weight w in A,,. The following 
conditions are equivalent: 
(1) The defect group of B is nonabelian. 
(2) k(B) z k,@), 
(3) k,(@#O, 
(4) 
w>p if pisodd 
w 2 3 if p=2. 
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Proof: Analogous to the proofs of [13, (3.9)] and of (3.8) above, using 
(4.7). 
The above result shows that Conjecture I is true in A,. We turn to the 
other conjectures. 
Let p be odd. If B is a nonsymmetric block of A, then the proofs of the 
Conjectures II and III are identical to the case of S, as performed in [ 141, 
using (4.3)(ii). To handle the symmetric case we prove: 
LEMMA (4.9). Let p be odd. If M’ > 1 and i> 1 then 3k’“‘(p’, w) 6 
W, u.). 
Proof We consider only the case i = 1. Let t = (p - 1)/2. If in = 1 then 
k’“‘(p, 1) = 1 and k(p, 1) = p so the result is true. Let u’ > 2. Consider a 
symmetric p-quotient 
of weight w. Thus 2x:=, I~,l+I~,+il=w and Ay+,=;1,+,. We map each 




GQ,,2fb, . . . . 2L&+ I, 0, . . . . 0) 
if (Ai, . . . . I>,) # (0, . . . . 0) 
(A:+l,o, . ..) O,AF+,) 
if (;I,, . . . . n,) = (0, . . . . 0) 
r (0, . ..) 0, I,,, 1, 2J”,, . . . . 21,) 
f2(A’p’) = { 
if (A,, . . . . 2,) # (0, . . . . 0) 
(A:, , , 0, . ..) 0, A’,, ,) 
I if (A,, . . . . ;1,)= (0, . . . . 0), 
where the partitions 2: + i and n:l+ 1 are delined as follows: 
If 2a, + 1, 2a, + 1, . . . . 2a, + 1 are the diagonal hooklengths of A,+ I 
then L’,+i = (a, + 1, a2 + 1, . . . . a,+ l), A:+, = (a,, a2, . . . . a,j. Note that if 
;1,= . . . =A,=0 thenA:+,#Oand 1:‘+,#Oand /,?~~+ll>l;l:l+l/. It is then 
easy to see that when A(P) runs though all symmetric p-quotients of weight 
u’, then the nonsymmetric quotientsf,(A’P’) andf2(lcP’) if the same weight 
are all different. 
PROPOSITION (4.10). Let p be odd and B be a p-block of A,, covered by the 
block B of S,. Then 
k(B) < k(B) and k,(B) < k,(B). 
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ProoJ: When B is nonsymmetric we have equality by (4.3)(ii). Let B be 
symmetric. The result is trivial, if the weight u’= 0. 
Assume MI>, 1. By (4.3)(i) and (4.9) 
k(B) = 2k’9p, w) + $ k’“‘(p, w) 
= $k’“‘(p, M’) + ik(p, 11’) 
<$k(p, w)+ik(p, w)=k(p, w)=k(B). 
A similar calculation can be made for k,(B) using (4.4) and (4.9). 
PROPOSITION (4.11). Let p be odd. Let B be a block of A, with defect 
group D. Then k(B)< IDI and k,(B)< ID:D’I. 
Proof: Combine (4.10) with the results of [14] for S,. 
We finally treat the case p = 2. 
LEMMA (4.12). Let w = 2w’, w’ > 0. Then 3p(w’) < k(2, w) and k(2, w) < 
k(2, w). 
Proof. If p F- IV’, then (2~~ 0), (p, p), and (0, 2~) are three different 
2-quotients of weight 2i~‘= $1’ from which p may be recovered. Thus 
3p(~“) d k(2, w) and then the last claim follows from the definition. 
PROPOSITION (4.13). Let p = 2 and B be a block of A,, with defect group 
D. Then k(B) < IDI. 
Proof: We assume that B as weight w > 0. If ~1 is odd we may apply 
(4S)(ii) and [14]. If LV=~~V’ is even, the result in easily checked directly 
when )I” = 1,2, or 3. We assume that )v’B 4 and show that 2k(l?) < [D*I, 
where D* is a 2-Sylow subgroup of S,, . By [14, Proposition 51 and (4.12) 
we have 
2k(B)=2@2, w)<2k(2, w)62”+‘. 
If 1~ = 2”’ + 2”’ + ... + 2+, 1 6 a, < a, < ... < a,, by a general result 
v2 ID*) =v,((~w)!)=~H~-r. 
Since trivially M’ + 1 < 2ir - r our result follows. 
LEMMA (4.14). Let je N and let Y, be a 2-Sylow subgroup of A,,. Then 
I Y, : Y,‘l = 2’. 
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Proof. Let X, be a 2-Sylow subgroup of S2,. Then X, = X, ~, 2 Z,, a 
wreath product, for j> 1, where the X,- , is a 2-Sylow subgroup of S,,-1. 
We let j> 2 and write the elements in X, as (x, y; z’), where Z* = 1, .Y, 
y E X,- 1. We assume Y, c X, and then Y, = {(x, y; z’) 1 sign ?c = sign y}. For 
the commutator subgroups we have X,’ = ((x, y; 1) 1 .q E Xi- i } and 
Y; = {(-u ~1; 1) 1 xy E X; ~, and sign x = sign y = 1 }. The statement about X,’ 
has been proved in [ 13, (1.4)] and the statement about Y,’ may be proved 
in a similar way. Now IX,: Xi1 =2’ (e.g., by [13, (1.4)]) and since 
1 X, : Y, 1 = 1 Xi : Y; 1 = 2 our claim follows. 
PROPOSITION (4.15). Let p = 2 and B be a block of A,, with defect group 
D. Then k,(B) Q )D : D’I. 
Prooj Let u’ be the weight of B, so that D is a 2-Sylow subgroup of 
A 2w. Let P be a 2-Sylow subgroup of S,,. containing D. If u’ is not a power 
of 2 then P is a direct product of at least two iterated wreath products and 
then it is easily seen that P’ = D’. Indeed a commutator c = [x, J] in a 
direct P, factor of P with x, )’ E P, may also be realized as a commutator 
in D by multiplying x and/or 4’ by (the same) transposition from another 
direct factor of P if x and/or y is odd. If P’ = D’ our claim follows from 
(4.6) and [14]. If w is a power of 2 then k,(B) = ID : D’I by (4.6) and 
(4.14). 
5. THE BLOCKS OF A, 
There is a remarkable “duality” between the spin characters of s, and 
the spin characters of 2, which is reflected naturally in the blocks for odd 
primes. 
Let I >n. If A is odd there are two spin characters of 9, indexed by 1. 
These characters have the same restriction to a,. If il is even then (A) !A, 
is a sum of two irreducible characters in 2, which are conjugate in S,. 
Thus the irreducible spin characters of a, are indexed canonically by the 
bar partitions A of n, such that ;1 indexes one spin character when I is odd 
and two spin characters when A is even. 
Let 8 be a p-block of spin characters in 3,. (In the remainder of this 
section it is assumed that p is odd.) If the weight of B is nonzero then it 
is easy to see using (2.1) that there exists a A > n, (A) E B, and A odd. Then 
(A) 1~” is irreducible so b covers only one block of A,. Thus 
LEMMA (5.1). Let L? be a spin block of 3, of positive defect. Then i 
covers a unique block (called 8) of A,. 
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In the notation of (5.1) and Section 3 we associate the same core and 
sign to l? and 8. Since B and B have the same defect the above remarks 
together with the results of Section 3 show that we have the following 
result. 
PROPOSITION (5.2). Let 2 be a spin block of a,, of weight w > 0 and 
sign 0. Then for all a > 0 
k(j) = f-O(p, w) 
k,(z) =I;,“(& w) 
in the notation of Section 3. 
Thus the spin blocks of sn and of a, have the same defect groups and 
the same types of block invariants. Therefore the proofs of Conjectures I, 
II, and III for spin blocks of A, are identical to the corresponding proofs 
for spin blocks of 3,. 
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